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ABSTRACT
Millisecond pulsars are rather weakly-magnetized neutron stars which are thought to have
been spun up by disc accretion, with magnetic linkage between the star and the disc playing
a key role. Their spin history depends sensitively on details of the magnetic field structure,
but idealized models from the 1980s and 1990s are still commonly used for calculating the
magnetic field components. This paper is the third in a series presenting results from a step-
by-step analysis which we are making of the problem, starting with very simple models and
then progressively including additional features one at a time, with the aim of gaining new
insights into the mechanisms involved. In our first two papers, the magnetic field structure
in the disc was calculated for a standard Shakura/Sunyaev model, by solving the magnetic
induction equation numerically in the stationary limit within the kinematic approximation;
here we consider a more general velocity field in the disc, including backflow. We find that the
profiles of the poloidal and toroidal components of the magnetic field are fairly similar in the
two cases but that they can be very different from those in the models mentioned above, giving
important consequences for the torque exerted on the central object. In particular we find that,
contrary to what is usually thought, some regions of the disc outward of the co-rotation point
(rotating more slowly than the neutron star) may nevertheless contribute to spinning up the
neutron star on account of the detailed structure of the magnetic field in those parts of disc.
Key words: accretion, accretion discs – magnetic fields – MHD – turbulence – methods:
numerical – X-rays: binaries.
1 INTRODUCTION
Accretion discs around magnetized neutron stars can greatly in-
fluence the stellar magnetic field, and magnetic field deformations
can in turn have an effect on the angular momentum exchange be-
tween the disc and the central object. Here we investigate these
deformations and their effect on the neutron star spin. We focus
mostly on the progenitors of millisecond pulsars, which are com-
monly believed to be descendants of normal neutron stars that
have been spun up and recycled back as radio pulsars by acquir-
ing angular momentum from their companion via an accretion
disc during the low-mass X-ray binary phase (Alpar et al. 1982;
Radhakrishnan & Srinivasan 1982).
The importance of magnetic fields in accretion discs around
neutron stars was recognized already in the early paper by
Pringle & Rees (1972). It was already clear then that the most rel-
evant character in the play is the profile of the toroidal component
of the magnetic field, Bφ. However, it was only in Ghosh & Lamb
⋆ E-mail: luca.naso@gmail.com
(1979a) that a detailed model was developed. They pointed out that
turbulent motion, reconnection and the Kelvin–Helmholtz instabil-
ity allow the stellar field to penetrate the disc and hence to be af-
fected by its velocity field1. By assuming a dipole profile for the
poloidal component of the magnetic field, they calculated a corre-
sponding profile for Bφ.
One of the main consequences of having a non-zero Lorentz
force inside the disc is the creation of a magnetic torque, which can
drastically influence the spin history of the central object and also
change the shape of the disc. Ghosh & Lamb (1979b) used the so-
lution obtained in Ghosh & Lamb (1979a) to compute the torque
exerted on the neutron star by a Keplerian disc. However in Wang
(1987) it was shown that the solution obtained by Ghosh & Lamb
(1979a) violated the induction equation and a consistent analytic
1 The failure of total screening of the magnetic field in accretion discs was
then confirmed by the calculations of Miller & Stone (1997). They per-
formed two-dimensional numerical simulations with the resistive magne-
tohydrodynamics equations, and studied the time evolution of the region
between the inner edge of the disc and the magnetosphere.
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profile for the toroidal field was instead calculated, as a stationary
solution of the induction equation in axisymmetry. In that model
the poloidal component of the magnetic field was assumed to be a
pure dipole; the disc was assumed to be Keplerian, to be in corota-
tion with the neutron star at the upper and lower surfaces and not
to have any motion along the poloidal direction; also, all horizontal
derivatives were neglected with respect to vertical derivatives. At
almost the same time, Campbell (1987) developed a similar one-
dimensional model where, in addition, a non-Keplerian profile for
the disc was considered and where the horizontal terms in the in-
duction equations were also included. Both authors agreed in writ-
ing the toroidal component of the magnetic field in the following
form, in cylindrical coordinates (̟, φ, z):
Bφ = γa (Ωdisc −Ωs) Bz τd , (1)
where γa is the amplification factor, Ωdisc and Ωs are the disc and
stellar angular velocities, respectively, and τd is the dissipation
time–scale. For a dipole Bz, equation (1) implies Bφ ∝ ∆Ω/̟3,
where ∆Ω ≡ Ωdisc − Ωs. In these models, the amplification factor
γa was taken to be a constant not much greater than unity (it de-
pends on the steepness of the transition in Ω, from disc motion in
the equatorial plane to corotation at the disc surface). The precise
profile of τd depends on what is the dominant mechanism for dis-
sipating the magnetic field. Wang (1995) considered three different
cases, with τd being dominated by the Alfve´n velocity, turbulent
diffusion and magnetic reconnection, respectively.
Both Wang (1987) and Campbell (1987) employed equa-
tion (1) with a dipole vertical field to calculate the magnetic torque.
They found that the magnetic contribution to the torque has the
same sign as ∆Ω, i.e. the regions of the disc inwards of the coro-
tation point rotate faster than the star, push the magnetic field lines
forward and try to speed the star up, while the regions outwards of
the corotation point rotate more slowly, drag the field lines back-
wards and spin the star down. Campbell (1992) relaxed the approx-
imation of zero poloidal velocity and studied the magnetic field
structure only in the inner region of the disc. His analysis confirmed
the results of the previous models.
Elstner & Ru¨diger (2000) addressed the problem from a com-
plementary viewpoint, considering the influence of a given stellar
magnetic field on the structure of the accretion disc in terms of
its height and surface density. They also considered the back reac-
tion on the magnetic field, solving both the induction equation (in
2D) and the disc-diffusion equation (in 1+1D), using different time
steps. They showed that, when Bz is a dipole, equation (1) is valid
only to within a factor of 0.5 – 1.5 on average; this factor changes
with radius and can be as small as 0.2 for large radii.
Agapitou & Papaloizou (2000) carried out numerical calcu-
lations to look for steady-state axisymmetric configurations of a
force-free magnetosphere corotating with the central star, treating
the interaction with the disc by means of a simple model in which
the disc velocity profile had only an azimuthal component (i.e. no
accretion flow) and horizontal derivatives in the disc were neglected
with respect to vertical ones. Doing this, they found field-line infla-
tion occurring immediately outside the corotation radius, caused
by interaction between the stellar dipole field and the disc, with
the field lines spreading out and the local field strength becoming
weaker. Calculating the resulting torque on the star in a way sim-
ilar to Ghosh & Lamb (1979b), they found that this can then be
up to two orders of magnitude smaller than what is obtained if the
vertical field is taken to be a dipole (depending on the boundary
conditions and the size of the numerical domain).
This phenomenon of magnetic field-line inflation had pre-
viously been discussed by a number of other authors in the
1990s (see Lynden-Bell & Boily 1994; Lovelace et al. 1995;
Bardou & Heyvaerts 1996,). It arises due to initially dipolar field
lines being dragged round by interaction with the differentially ro-
tating disc matter; the field-line twisting produced by this leads to
inflation of the magnetosphere structure in response to increased
magnetic pressure coming from the resulting toroidal component
of the field. There can be associated line opening, leading to loss
of part of the magnetic linkage between the disc and the star and
to a wind being driven out along the open field lines. This has been
studied in detail by Zanni & Ferreira (2009) in the context of clas-
sical TTauri stars.
In Naso & Miller (2010; 2011, hereafter referred to as Paper
I and Paper II, respectively), we commenced a systematic step-by-
step study of the how the original magnetic field of the neutron star
is distorted by its interaction with the disc. The strategy was to start
with very simple models and then progressively include additional
features one at a time, with the aim of gaining new insights into
the mechanisms involved. We started off by focusing entirely on
the structure of the magnetic field inside the disc, imposing sim-
ple dipolar boundary conditions at the top of it and taking pure
vacuum outside. Consideration of interaction with a non-vacuum
magnetosphere (including the phenomena of magnetic-line infla-
tion mentioned earlier) is reserved for a subsequent stage of the
step-by-step programme. In papers I and II, the stationary induction
equation was solved numerically in two dimensions throughout the
interior of the disc, calculating all of the magnetic field compo-
nents (i.e. the poloidal field was not forced to be dipolar there).
As in earlier work, axisymmetry was assumed and the kinematic
approximation was used (i.e. the velocity field was specified and
then kept fixed during the calculation without including back reac-
tion from the magnetic field). The velocity field was not taken to
be purely azimuthal but also had a radial component, as given by
the standard α-disc model of Shakura & Sunyaev (1973, hereafter
S&S), and a theta component, introduced so as to match the upper
and lower boundary conditions (imposed through the use of a coro-
nal layer above and below the disc)2. The results of this analysis
demonstrated inward dragging of the poloidal field by the accret-
ing matter and showed that the profile of the toroidal component
of the magnetic field can deviate significantly from that given by
equation (1), depending on the values of the magnetic Reynolds
numbers.
In this paper, we follow the same methodology as in papers
I and II but apply it now to the disc velocity profile calculated by
Kluz´niak & Kita (2000, hereafter referred to as K&K). In their pa-
per, K&K presented a self-consistent analytic solution for the gen-
eral structure of the three-dimensional velocity field inside a sta-
tionary axisymmetric α-disc, and we use this here as the basis for
our discussion. We again calculate all of the components of the
magnetic field inside the disc: as in papers I and II, we find signifi-
cant deviations of the poloidal component away from a pure dipole
and of the toroidal component away from equation (1) whereas,
when comparing between the results for the S&S and K&K veloc-
ity prescriptions (which are very different), we find that the main
overall behaviour is qualitatively rather similar.
We also compute the contributions to the net torque acting on
2 The radial velocity vr was the same as that of the α-disc; vθ was zero in
the disc, while in the corona it smoothly changed to match the boundary
conditions; and Ω was Keplerian in the main part of the disc, smoothly
changing to corotation at the inner edge and in the corona.
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the neutron star which would come from magnetic linkage with the
disc. Instead of using a simplified expression for the torque, as in
the early models, we calculate it numerically, within our model as-
sumptions, by computing the moment of the Lorentz force using
the magnetic field configurations obtained as above. This calcu-
lation will need to be revisited when we subsequently include im-
proved boundary conditions representing a join on to a non-vacuum
magnetosphere, but already we are seeing here striking results con-
cerning which regions of the disc spin the star up or down.
In the next section, we describe our model in more detail.
In Section 3, we discuss the equations used for our calculations:
we write down the induction equation, describe the velocity field
and derive the equation for the torque calculation. In Section 4,
we present our results for the magnetic field structure, while those
regarding the torque are presented in Section 5. In Section 6, we
compare our results with those from papers I and II and finally, we
summarize our analysis in Section 7.
2 MODEL
Our model consists of a neutron star with a dipole magnetic field
which is aligned with the common rotation axis of the star and
the (corotating) disc, everything being axisymmetric. As mentioned
above, at this stage of the project, we are focusing entirely on the
structure of the magnetic field inside the disc, imposing simple
dipolar boundary conditions at the top of it and taking pure vac-
uum outside. The magnetic field is taken to be sufficiently weak in
the main part of the disc, so that it does not produce any significant
back reaction on the fluid flow. The approximation of neglecting
this back reaction (the kinematic approximation) enormously sim-
plifies the set of equations that one needs to solve in order to study
the magnetic field structure. In fact, one then has to solve only the
magnetic induction equation, which we do by looking for a station-
ary configuration of the magnetic field.
It is reasonable to suppose that close to the stellar surface the
magnetic field is strong and dipolar: we are considering a surface
field of B ∼ 3 × 108 G, which is typical for millisecond pulsars
(see e.g. Zhang & Kojim 2006). Because of the 1/r3 dipolar fall
off, as one moves away from the star, the magnetic field intensity
decreases outwards quite rapidly and the field lines become pro-
gressively more distorted by the matter in the disc. As shown in
papers I and II, this deformation is twofold: (1) the angular rotation
stretches any dipolar field line in the azimuthal direction, thus creat-
ing a toroidal magnetic-field component, and (2) the radial motion
likewise has an effect by tending to pull any field line inwards with
the accretion flow (or outwards in the case of a backflow).
Close to the stellar surface, the magnetic field is strong and
completely dominates the dynamics of the matter, i.e. this is the
opposite regime to the one in which the kinematic approximation
holds. However, for exactly that reason, in this region we can safely
assume that the magnetic field is close to dipolar. Our strategy is
therefore not to make any detailed study of what happens in the
close vicinity of the neutron star but instead to take the magnetic
field there as just being a dipole. We place the inner edge of the disc
at the Alfve´n radius3 and solve the induction equation from there
outwards. The innermost part of the disc is a transition region where
3 The precise location of the inner edge of the disc is still a debated is-
sue and several possibilities have been put forward, see e.g. appendix A in
Kluz´niak & Rappaport (2007). The main proposals differ by no more than
a factor of ∼ 2 in the radius of the inner edge.
Figure 1. Schematic representation of our model (not to scale). We use rin =
10 rg and rtr = 22 rg. For a 10 ms pulsar (with mass 1.4 M⊙), rcor = 18.8 rg
and rlc = 115 rg. The opening angles are 8◦ for the disc alone and 10◦ for the
disc plus corona. The dashed lines indicate that the outer disc extends much
further out than the main region shown here: the grid continues until rout =
380 rg when we are solving for the toroidal component of the magnetic field
and to 750 rg when we are solving for the poloidal one.
the magnetic field does not completely dominate the dynamics of
the matter, but where the magnetic torque is sufficient to alter the
angular velocity of the matter flow away from Keplerian. We treat
this region (which we refer to as the ‘inner disc’) by imposing a
suitable sub-Keplerian profile for the angular velocity there. The
solution of the induction equation in this region is used only to
provide suitable boundary conditions for the solution further out,
where the kinematic approximation becomes reasonable.
There is another region where the kinematic approximation
may not be suitable, and this is near to the surface of the disc. Al-
though the magnetic field intensity decreases quite rapidly with r
and can be very small for large r, the matter pressure here is even
weaker since it decreases sharply with θ, because of the change in
density from the disc to the exterior (here taken to be vacuum).
We model this aspect by introducing a boundary layer, which we
call the corona, at the top and bottom surfaces of the disc. In this
corona, the weak magnetic field is less prone to follow the motion
of the low–density matter and we reproduce this behaviour in the
model by using a larger value of the turbulent magnetic diffusiv-
ity there, which helps in reducing distortions away from a dipole
(i.e. away from the boundary conditions). We use this ‘by-hand-
enhancement’ of the diffusivity also in the inner part of the disc
mentioned earlier.
Throughout this paper, we consider a canonical 1.4 M⊙ neu-
tron star with radius 10 km, rotation period PNS = 10 ms and a
surface magnetic field of 3 × 108 G, corresponding to a magnetic
dipole moment of µ = 3 × 1026 G cm3. The mass accretion rate is
taken to be 6.30 × 1016 g s−1.
A sketch (not to scale) of the model is given in Fig. 1, where
the two regions with larger diffusivity are clearly marked: they are
the ‘inner disc’ and the ‘corona’. The inner disc extends from the
inner edge rin = 10 rg to the transition radius rtr = 22 rg (where
rg = 2GM/c2 = 4.14 × 105 cm is the Schwarzschild radius); the
corona extends from θ = 80◦ to θ = 82◦ for all radii. The corotation
radius is at rcor = 18.8 rg and the light cylinder at rlc = 115 rg.
To avoid strong dependence on the outer boundary conditions, our
numerical domain of integration extends much further out than the
light cylinder (dashed lines in the figure; more details are given in
Sections 3.4 and 3.6).
3 EQUATIONS
In this section, we derive the equations for calculating the mag-
netic field structure and comment on the profile of the velocity field
and on the turbulent diffusivity as well as saying something further
c© RAS, MNRAS 000, 1–17
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about the boundary conditions. We also derive equations for calcu-
lating the magnetic torque exerted by the disc on the neutron star
and briefly comment on the solution method.
3.1 Magnetic field
As mentioned previously, we are making our calculations using the
kinematic approximation, within which the velocity field of the disc
matter is specified separately (here following the K&K solution)
rather than being solved for together with the magnetic field calcu-
lation. Once the velocity field has been specified, the magnetic field
structure can then be obtained by solving the induction equation:
∂tB = ∇ × (v × B − η∇ × B) , (2)
where B and v are the mean components of the magnetic field and
velocity field respectively, and η is the turbulent magnetic diffu-
sivity. Resolving the full structure of turbulence and studying ac-
cretion driven by the magneto-rotational instability goes well be-
yond the scope of this paper. Interested readers are referred to
Romanova et al. (2011) where the first global axisymmetric sim-
ulations of that kind are described. Here, we use average quantities
and follow a phenomenological approach for the angular momen-
tum transfer. As in papers I and II, we are neglecting the so-called
α-effect, which involves the appearance of a large–scale electromo-
tive force because of the interaction between the turbulent fluctua-
tions in the magnetic fields and the velocity fields. This term creates
a growing solution for the magnetic field and is fundamental when
one wants to study dynamo effects. In line with our approach, we
want to use a simple model where one can unambiguously under-
stand the roles played by the different contributing factors. Only
afterwards will additional ingredients (such as dynamo action) be
added and their effects studied by comparison with the previous
analyses.
We use spherical coordinates (r, θ, φ), with the origin of the
coordinate system placed at the centre of the neutron star and the
unit vector zˆ pointing in the direction of the magnetic dipole axis
(and the stellar rotation axis). In our model we are assuming ax-
isymmetry (∂φ[. . .] = 0) and we want to find a stationary solution
(∂t[. . .] = 0). The three scalar components of equation (2) are then:
0 = ∂θ
{
sin θ
[
vr Bθ − vθBr −
η
r
[∂r(rBθ) − ∂θBr]
]}
, (3)
0 = ∂r
{
r
[
vr Bθ − vθBr −
η
r
[∂r(rBθ) − ∂θBr]
]}
, (4)
0 = ∂r
{
r
[
vφBr − vr Bφ +
η
r
∂r(rBφ)
]}
−
∂θ
{
vθBφ − vφBθ −
η
r sin θ ∂θ(Bφ sin θ)
}
. (5)
The first two equations are independent of Bφ, and so we can solve
these first for the poloidal components of the magnetic field and
then solve the third equation afterwards for the toroidal component.
In order to solve for Br and Bθ, one needs to specify profiles
for vr , vθ and η and to solve for Bφ one also needs a prescription for
vφ. Then, given a set of consistent boundary conditions, the set of
equations (3)–(5) has a single unique solution.
3.2 Velocity field
K&K made a calculation of the three-dimensional structure for an
α-disc, taking the disc to be suitably thin and Taylor expanding the
equations of viscous hydrodynamics in terms of a small parame-
ter ǫ ≡ H/R, where H is a characteristic vertical scaleheight in
the disc and R is a characteristic radius (taken, in practice, to be
the radius of the neutron star). The equation of state of the accret-
ing medium was taken to be polytropic with constant specific en-
tropy, implying that for any comoving fluid element, increases in
entropy due to viscous dissipation are exactly balanced by losses
due to radiation and conduction. They were able to find analytical
solutions for the lowest order terms in their Taylor expansions and
these demonstrated a flow structure which was entirely an inward
accretion flow at the top and bottom of the disc but could have an
outward backflow near to the mid–plane at radii beyond a certain
value. A similar flow pattern, including equatorial zone backflow,
was found by Regev & Gitelman (2002) in a calculation including
radiative transfer in an α-disc modelled with a perfect gas equa-
tion of state. Clearly, this flow pattern is very different from that
in standard S&S discs and so it was of interest to repeat our ear-
lier calculations of magnetic field distortions by S&S discs also for
these K&K ones4.
The general form of the Taylor expansions used by K&K is
given in section 2.1 of their paper. We use here their prescriptions
for the poloidal components of the velocity field, vr and vz, leaving
the rotational velocity Ω as being Keplerian in the main part of the
disc. Due to parity considerations and mass conservation, some of
the terms appearing in the general form of the expansions are zero,
and one is left with the leading-order terms in the expressions for
vr and vz as being:
u =
vr
c˜s
= ǫ u1 + O(ǫ3) , (6)
v =
vz
c˜s
= ǫ2 v2 + O(ǫ4) , (7)
where c˜s is a characteristic sound speed in the disc. The analytic
expressions for u1 and v2 are given by equations 2.53 and 2.56 of
K&K, respectively.
For implementing this velocity field within our calculation, we
first choose the geometrical profile of the disc by specifying the disc
height h as a function of radius r (note that here we are using h and
r to represent physical lengths and not the scaled quantities used in
K&K). We choose this profile as being h(r) = r cos θdisc, where θdisc
is the co-latitude of the disc surface (for which we take θdisc = 82◦).
We sharply truncate the disc at an inner radius r = rin (for which
we take rin = 10 rg). We then specify a quantity which we call v0,
which is the value of the radial velocity vr at the point (rin, θdisc).
Doing this turns out to be all that is required in order to uniquely
determine the velocity field in physical units (i.e. as unscaled quan-
tities). Changing the value of v0 is equivalent to changing the value
of α. From equation 2.55 of K&K, one has (neglecting O(α2) cor-
rections):
v0 ≃ 2α vK (h/r)2 , (8)
where vK is the Keplerian linear velocity and all quantities are cal-
culated at (rin, θdisc).
We follow the K&K poloidal velocity profile through all of
the disc and then modify it in the corona. There we first modify
vθ via an error function in order to match the boundary conditions
4 Having this sort of stratified flow has sometimes been questioned on the
grounds that the presence of large turbulent cells might prevent it. Here, we
are using an α-viscosity prescription with α ≪ 1, for which the issue of
large turbulent cells need not arise. Indeed, having them would completely
change the spectra and character of the S&S solutions. More sophisticated
MRI treatments for the effective viscosity have smaller-scale turbulence and
require stratification for successful operation.
c© RAS, MNRAS 000, 1–17
Magnetic field and torque in accretion discs 5
Figure 2. Velocity-field vectors vr and vθ plotted using Cartesian coordi-
nates x and z measured in units of the Schwarzschild radius. (Note that we
use these Cartesian coordinates for plots throughout this paper.) The dashed
line separates the inflow region from the backflow one. The heavy solid line
marks the boundary between the corona and the external vacuum; the other
solid line shows the boundary between the disc and the corona.
Figure 3. Magnification of Fig. 2 around the region where the flow changes
direction. The region from 86◦ to the equatorial plane is shown.
smoothly and analytically. Then we modify vr in such a way that the
total local kinetic energy remains constant. The resulting velocity-
field vectors are shown in Figs 2 and 3. Note the appearance of
a ‘stagnation surface’ where both vr and vθ go to zero, marking a
change in direction of the flow. Having the surfaces where vr = 0
and vθ = 0 coinciding is a particular property of the height profile
that we are using here (with h/r = constant).
As regards the angular rotation velocity, we follow the same
profile as in Paper II (see section 3.2 and fig. 2 of that paper). Here,
we repeat the details again for completeness:
Ω(r, θ) =

ΩK(r) in the main region:
θ ∈ [θdisc, π/2], r ∈ [rtr, rlc]
smooth join in θ in the corona:
θ ∈ [θcor, θdisc]
smooth join in r in the inner disc:
r ∈ [rin, rtr]
Ωs at the ghost zones: θ = θcor − ∆θ
at the inner edge: r = rin
(9)
where θcor is the upper surface of the corona, ∆θ is the angular grid
resolution, Ωs is the stellar spin rate, ΩK is the Keplerian angular
velocity and the two smooth connections are made using the error
functions given in equations (11) and (13) below.
In the θ, direction we write
˜Ω(r, θ) = ΩK(r) f1(θ) + Ωs [1 − f1(θ)]
= [ΩK(r) −Ωs] f1(θ) + Ωs , (10)
where
f1(θ) = 12
[
1 + erf
(
θ − θdisc
δθ
)]
, (11)
with δθ = 10−2 rad (i.e. 0.57◦). Similarly, in the radial direction:
Ω(r, θ) = ˜Ω(r, θ) f2(r) + Ωs [1 − f2(r)]
= [ ˜Ω(r, θ) −Ωs] f2(r) + Ωs , (12)
where
f2(r) = 12
[
1 + erf
(
r − rerf
δr
)]
, (13)
with δr = 2 rg and rerf = 14.4 rg.
This angular velocity profile is Keplerian in all of the outer
disc (see Fig. 1), while in the corona and in the inner disc it de-
viates from Keplerian in order to match corotation at the bound-
aries. On the equatorial plane, Ω starts to become sub-Keplerian at
r1 = 16.67 rg (where deviations are of the order of 1%) and reaches
its maximum at r = 15.18 rg, after which it decreases towards coro-
tation.
3.3 Turbulent diffusivity
For the diffusivity, we follow the same approach as in Paper II,
writing
η(r, θ) = η0
{
1 +
[
ηθ(θ) + ηr(r)
] [ηc
η0
− 1
]}
, (14)
where η0 is the value in the main disc region and ηc is the value in
the corona and inner disc (see Fig. 1). We here take η0 = 1010 cm2
s−1 and ηc = 1012 cm2 s−1 as standard values. The magnitude of
the diffusivity is often discussed in terms of the turbulent magnetic
Prandtl number, which links it with that of the turbulent viscosity.
There is a lot of uncertainty about which values to take and the
one used here as our standard for η0 may seem rather low. We have
already discussed this issue in Paper II and note also the discussions
by Reyes-Ruiz & Stepinski (1996) and others. We chose our value
because it gives an interesting amount of field distortion in the disc,
but it is clearly important to investigate the effects of varying it, and
we also discuss this in the following sections.
For joining ηθ(θ) and ηr(r) between the low–η and high–η re-
gions, we use joining functions of the form
c© RAS, MNRAS 000, 1–17
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f (x) = 1
2
[
1 + erf
(
−x + xc
dx
)]
, (15)
where x = θ and r for ηθ and ηr respectively, with xc = θdisc and
rtr in the two cases; dx is the width of the transition in the error
function, for which we use dr = 5 rg in the radial direction and
dθ = 2◦ in the theta direction.
3.4 Boundary conditions
We have already commented on the boundary conditions being
used for the present stages of our calculations: vacuum everywhere
outside of the disc (plus corona) and the neutron star, with a dipo-
lar magnetic field throughout those vacuum regions. This is highly
idealized, of course, but it is our working approximation for the
moment. In order to have a smooth transition between the disc and
the external vacuum, we include a boundary layer, a corona, and
then impose boundary conditions at the top of it. We also impose
dipole conditions at the inner and outer radial edges of the disc.
At the inner edge, this is done because the magnetic field is strong
there and so it is very hard to get any distortions there at all. What is
done at the outer edge is irrelevant anyway because we are placing
it so far away that it does not influence what is happening inside
the light cylinder, and so we make the simple choice of imposing
dipole conditions there as well. In Paper I, we tested various kinds
of boundary conditions (spherical lines, vertical lines and lines with
45◦ inclination) and found that for poloidal magnetic field lines en-
tering the extended disc (i.e. disc plus corona) at the same locations,
their shape within the disc varied hardly at all among the different
cases. However, the values for the field strength as a function of
distance out along the surface of the extended disc will also vary
depending on the structure of the external magnetic field and this
will clearly influence the magnitude of the magnetic torque exerted
by the disc.
We assume equatorial symmetry as well as axisymmetry and
solve for only one quadrant. At our lower boundary in θ (i.e. at the
equatorial plane), we require Bθ to be symmetric about the equato-
rial plane (i.e. ∂θBθ|θ=π/2 = 0), while Br and Bφ have antisymmetric
conditions there (i.e. Br and Bφ are zero at this boundary, and at the
first ghost grid-point beyond it they have values opposite to those
at the last active grid-point before it)5.
As regards the poloidal component of the velocity field, we
follow K&K exactly for the inner and lower boundaries. This
means that on the equatorial plane vθ = 0 and vr is symmetric.
This condition is equivalent to choosing a profile for Bθ at θ = π/2
satisfying:
Bθ(r, π/2) r vr(r, π/2) = const . (16)
At the top boundary, we have to modify the K&K profile. In Pa-
per I (section 3.2), we have already shown that if one requires the
magnetic field to be a dipole, then the induction equation gives the
following two conditions for the velocity field6:
vθ = (vr/2) tan θ (17)
Ω ∝ r−γ/2 sinγ θ , (18)
where γ can take any value. We use the first condition directly to
5 We recall that boundary conditions for the poloidal component of the
magnetic field are actually imposed on the magnetic stream function rather
than on the magnetic field directly. See section 3 of Paper I for more details.
6 Note that these conditions are valid only for a perfect dipole, i.e. Br =
2 k cos θ/r3, Bθ = k sin θ/r3 and Bφ = 0 everywhere.
calculate vθ in the coronal layer and for Ω we use corotation, which
is consistent with the second condition with γ = 0.
3.5 Torque calculation
The magnitude of the torque exerted by the accreting matter on the
neutron star, is clearly affected by the behaviour of the magnetic
field in the magnetosphere. In the present simple model, we are
taking vacuum above and below the extended disc so that the mag-
netic field there remains strictly dipolar, but in the general realistic
case there can be field-line inflation, as mentioned earlier, which
may also lead to breaking of some of the magnetic linkage between
the disc and the star. It has been suggested that associated opening
of field lines might give rise to jets and winds: see, for example,
Zanni & Ferreira (2013) concerning magnetospheric ejections. In
this subsection, we consider the various contributions to the torque,
first giving a rather general discussion and then specializing it to
our simplified model.
3.5.1 General discussion
The disc can exert a torque on the central object via the link pro-
vided by magnetic field lines anchored at one end to the neutron star
while the other end threads the disc, where the interaction with the
moving matter creates a Lorentz force which can have a non-zero
moment with respect to the central object. We call this contribution
to the total torque TB−disc.
As matter moves inwards, it encounters a progressively
stronger magnetic field which eventually comes to completely
dominate the motion of the plasma. This happens at the inner edge
of the disc, where we suppose that matter leaves the disc following
the magnetic field lines. If the magnetic field is then rigidly con-
nected with the neutron star, it will force the matter to move with
the same angular velocity as the central object. However, during
this motion along the magnetic field lines, the matter is approach-
ing the neutron star, and so although its angular velocity remains
constant, there is a progressive decrease in its angular momentum
(the cylindrical radial distance is decreasing). This occurs due to
a torque exerted on it by the magnetic field lines, associated with
which there is an equal and opposite torque tending to spin up the
neutron star. We call this contribution TB−acc.
Finally, when the accreting matter hits the neutron star sur-
face, it transfers its residual angular momentum to the star. The
torque concerned in this is typically very small, however, and we
will neglect it here.
The total torque exerted on the star can then be written as:
TNS = TB−disc + TB−acc , (19)
with
TB−disc =
∫
V
τB−disc dV = −
∫
V
r × FL dV , (20)
TB−acc = m˙
2π
PNS
(
̟2in −̟
2
surf
)
zˆ , (21)
where τB−disc is the moment of the Lorentz force (−FL) exerted on
the neutron star by the local fluid element; V is the volume con-
taining all of the fluid elements associated with the disc which are
magnetically linked to the neutron star and for which FL is non-
zero; m˙ is the accretion rate; PNS is the neutron star spin period;
̟in is the distance from the rotation axis to the inner edge of the
disc, while ̟surf is the corresponding distance for the point where
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the matter hits the surface of the neutron star and zˆ is the unit vector
along the rotation axis. To the best of our knowledge, this is the first
work where the magnetic torque is calculated by computing the in-
tegral of the Lorentz force through the whole disc, i.e. by means
of equation (20). In the usual approach, only the value at the disc
surface is considered.
Throughout this work we express torques with respect to the
star, i.e. a positive value means that the torque is spinning the star
up, while a negative one produces spin down.
The sign of TB−acc is always positive: it always acts so as to
spin the star up (positive torque) because the angular momentum
of the matter is decreasing when going from the inner edge of the
disc to the neutron star surface. The sign of TB−disc, however, is
not obvious until the calculations are performed (see equation 27
below) and in general it can be either positive or negative.
We now consider in more detail the contribution to the torque
due to the integrated moment of the Lorentz force (i.e. that coming
from equation 20).
We are calculating the torque with respect to the origin of the
coordinate system, and so the radial component of the force has
zero moment. The force acting along the θ direction is always per-
pendicular to the position vector and so, if it is non-zero, it will
always give a non-zero torque along the φ direction. However,
since this component is antisymmetric with respect to the equa-
torial plane (while the position vector is symmetric), the integral of
its moment will be zero. The only non-zero contribution to the net
torque comes from the moment of the φ component. If we use r to
indicate the position vector, and write FL = (Fr rˆ, Fθ ˆθ, Fφ φˆ) with
rˆ, ˆθ and φˆ being unit vectors in the r, θ and φ directions, we have
τB−disc = −r ×
(
Fr rˆ + Fθ ˆθ + Fφφˆ
)
= −rrˆ ×
(
Fθ ˆθ + Fφφˆ
)
, (22)
τB−disc = r Fφ ˆθ − r Fθ φˆ , (23)
TB−disc =
∫
V
r Fφ ˆθ dV = −2π
"
rθ
r Fφ r2 sin θ drdθ zˆ , (24)
where in the last equality we have changed the volume integral into
three integrals over the three coordinate directions, integrated over
φ (giving the 2π factor) and have explicitly written the direction of
the torque as being along the vertical axis (this implies a change of
sign because ˆθ and zˆ have opposite directions).
From Maxwell’s equations in cgs Gaussian units, we can write
the general expression for the Lorentz force per unit volume as
FL =
1
c
J × B = ∇ × B
4π
× B , (25)
whose φ component in spherical coordinates is
Fφ =
1
4π
Bθ
r sin θ ∂θ(Bφ sin θ) +
1
4π
Br
r
∂r(Bφ r)
−
1
4π
1
r sin θ
(
Bθ∂φBθ + Br∂φBr
)
. (26)
When considering axisymmetric models (as we are doing here),
the third term can be neglected. The second term is also usually
neglected for thin disc models because it involves derivatives with
respect to the radius, while the first one involves vertical deriva-
tives. The strategy of this work is to fully consider both radial and
vertical structure and so we keep both terms in the torque calcula-
tion. Substituting equation (26) into (24) one obtains
TB−disc =
"
r,θ
{
−
1
2
[
Bθ∂θ(Bφ sin θ)+
Br∂r(Bφ r) sin θ
]
r2
}
drdθ zˆ . (27)
We write the torque as the sum of two contributions in order to
facilitate the comparison with the thin disc models that neglect the
radial term:
TB−disc = TθB−disc + T
r
B−disc , (28)
with
TθB−disc =
"
r,θ
−
1
2
[
Bθ ∂θ(Bφ sin θ) r2
]
drdθ zˆ , (29)
TrB−disc =
"
r,θ
−
1
2
[
Br∂r(Bφ r) r2 sin θ
]
drdθ zˆ . (30)
3.5.2 Application to the model considered in this paper
As we have mentioned earlier (see Section 2), in the inner part
of the disc our kinematic approximation breaks down because the
magnetic pressure becomes non-negligible there with respect to the
gas pressure (although it still remains smaller than the gas pressure
until rin is reached). In this part of the disc, we expect the angular
velocity to become sub-Keplerian and finally to reach corotation
with the neutron star at rin. Since we cannot reproduce this profile
self-consistently (because we are using the kinematic approxima-
tion and are not solving an equation of motion), we change the
Ω profile by hand in that region, as described in Section 3.2. This
should actually mimic the real situation rather well. For this region,
instead of using equation (20) to calculate the torque contribution,
we instead calculate the back reaction on the field lines correspond-
ing to the angular momentum loss by the matter; this would then
be expected to be mainly transmitted to the neutron star (although
it could also go into a jet). We calculate this torque contribution as
TΩ = m˙
(
Ω1 r
2
1 −ΩNS r
2
in
)
zˆ , (31)
where r1 is the location on the equatorial plane where the angular
velocity differs from the Keplerian value by 1% (r1 = 16.67 rg with
our model settings), and Ω1 is the vertically averaged value of the
angular velocity at that radial location. More rigorously one should
consider local values for m˙ and Ω and integrate equation (31) over
the vertical direction.
We then calculate the magnetic torque from the disc as the
sum of two components:
TB−disc = TΩ + TB (32)
where TΩ is given by equation (31) and TB is given by equation (20)
integrated from r1 out to the point where the contribution to the in-
tegral becomes negligible. We calculate TB−acc from equation (21),
taking ̟in as being the distance from the rotation axis to the upper-
most part of the inner edge of the disc (i.e. rin sin 80◦) and getting
̟surf (the corresponding distance for the point where the infalling
matter hits the surface of the neutron star) by assuming that the
matter concerned follows dipole magnetic field lines after leaving
the inner edge of the disc; this then gives ̟surf = rNS sin(80◦)/2.
3.6 Solution method
Equation (2) has been solved numerically using a Gauss–Seidel it-
erative scheme with an evenly spaced grid in r and θ. As in papers I
and II, all variables and coordinates were written in a dimension-
less form for the purposes of the calculation. Because of the partial
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decoupling between the poloidal and toroidal components of the
magnetic field, we have first solved for Bpol (measured in units of
B0 = 3 × 108 G), following the procedure described in Paper I, and
then for Bφ (measured in units of B0φ = r20 B0, where r0 = 2.5 is
the radius of the neutron star in units of rg) following the procedure
described in Paper II.
Details of the numerical scheme, including tests, have been
given in papers I and II. From a technical point of view, the cal-
culations performed here for obtaining the magnetic field structure
are very similar to those of Paper II, the only difference being in the
functions used for the velocity components. We recall that we use
a grid resolution of ∆r = 0.74 rg and ∆θ = 0.125◦ for both Bpol and
Bφ. In both cases, we use a numerical domain which is much larger
than the physical domain of interest in order to avoid dependence
of the results on the outer boundary conditions.
In addition to solving for the magnetic field structure, in this
paper we are also solving for the torque, which involves calculat-
ing the integral given in equation (27). We do this by using a trape-
zoidal scheme, as described in Section 5.1.
4 MAGNETIC FIELD STRUCTURE
We have studied a range of different models, so as to investigate
the effect of varying parameters, but first we present results for a
representative fiducial model to provide a standard against which
to compare the others.
4.1 Fiducial configuration
Our fiducial run is characterized by intermediate values of the mag-
netic Reynolds numbers, that are defined as Rm ≡ lc vc/ηc, where
lc, vc and ηc are characteristic values for the length, velocity and
diffusivity, respectively. For lc, we take the radius of the inner edge
of the disc (i.e. lc = 10 rg = 4.136 × 106 cm); for ηc, we take η0,
as defined above; for vc, we take either a representative radial ve-
locity (for which we use v0, as defined earlier) or a representative
azimuthal velocity (for which we use the value of vφ at the corota-
tion radius, which we denote as v0φ). Depending on which of these
velocities is used, we get either the poloidal or toroidal magnetic
Reynolds number (Rpolm or Rtorm , respectively). For our neutron star
model, v0φ = 4.88 × 109 cm s−1.
The values that we use for our fiducial run are Rpolm = 103 and
Rtorm = 5 × 105, which we obtain by taking v0 = 106 cm s−1 and
η0 = 4 × 1010 cm2 s−1. The resulting structure of the poloidal com-
ponent of the magnetic field Bpol is shown in Fig. 4. In Fig. 5, we
show the contour plot of the toroidal component Bφ. We find sig-
nificant deviations of both Bpol and Bφ from the profiles which are
usually considered, i.e. a dipole and the one given in equation (1),
respectively.
The reason for the deviations of Bpol away from the dipole are
clear: when field lines enter the disc, they are pushed inwards by
the inward motion of the plasma and a negative Br appears. As one
moves towards the equatorial plane, the radial component of the ve-
locity field decreases, goes through the stagnation surface and then
becomes positive in the region of backflow (as shown in Fig. 3).
As a consequence, we see that the magnetic field lines are bent
backwards, with Br going through a zero and then becoming pos-
itive again. In the inner disc region, the magnetic field follows the
plasma motion to a lesser degree, as it should if one assumes that
the magnetic stresses eventually truncate the disc (in fact Br al-
ways stays positive in this region). We recall that we obtain this ef-
Figure 4. Poloidal field lines for the fiducial run. The dot–dashed lines are
dipole field lines, shown for comparison; the dashed line is the boundary
between the corona and the disc; the dotted line is the stagnation surface.
Figure 5. Bφ contour plot for the fiducial run, in units of B0φ. Solid contours
indicate positive values, while dashed lines are used for the negative ones.
The solid grey line is the boundary between the disc and the corona; the
dashed grey line here marks the stagnation surface and a white dot–dashed
line is used for the zero-level contour (which is just inwards of the corota-
tion point).
fect because in this region we have a larger characteristic value for
the turbulent diffusivity (giving a smaller local magnetic Reynolds
number).
The toroidal component of the magnetic field has two extrema:
the first being positive and inwards of the corotation radius, and
the second being negative and outwards of it. This is exactly what
one would expect if Bφ were to follow equation (1), with the ver-
tical field being the same as for a dipole. However, if one analyses
the profile in more detail one sees that while the first peak follows
closely that of Bθ ∆Ω, the second one appears at a much larger ra-
dius. A similar behaviour was also obtained in Paper II and it was
explained there by considering the magnetic distortion function Dm
(see section 5.2 of that paper). The distortion function was intro-
duced in Paper I: it is defined in the same way as the magnetic
Reynolds number but, instead of taking characteristic values for
the velocity and the diffusivity, it takes local values. Depending on
which velocity component one considers, one can have a poloidal
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Figure 6. Contour plot of Dpolm . Its peak is at about the same radial location
as that of Dtorm (see Fig. 7), and that of the second peak in the Bφ contour
plots (see Figs. 5, 12 and 13).
Figure 7. Contour plot of Dtorm . Its peak is at about the same radial location
as that of Dpolm (see Fig. 6), and that of the second peak in the Bφ contour
plots (see Figs. 5, 12 and 13).
or toroidal magnetic distortion function:
Dpolm =
rg
√
v2r + v
2
θ
η
, (33)
Dtorm =
rgvφ
η
. (34)
As in Paper II we find that the position of the second peak in Bφ
follows the peak in the distortion functions (see Figs. 6 and 7).
In Fig. 8, we report the shell averages of the poloidal com-
ponent of the magnetic field calculated in half of the disc, with the
dipole ones for comparison. Distortions are present in both poloidal
components, with the ones for Br being the more evident. This com-
ponent even changes sign, at about x ∼ 26 (the absolute value of the
shell average is being plotted) and stays negative from that radius
outwards, tending to zero from negative values. For the θ compo-
nent (whose intensity is larger by about one order of magnitude),
there is a weak but extended amplification in the inner part, be-
tween x = 20 and x = 30. This is the region where magnetic field
lines accumulate (see Fig. 4). We have seen the same behaviour
also in papers I and II and it is what one might expect in the transi-
Figure 8. Shell averages for the poloidal components of the magnetic field:
Br (dotted) and Bθ (solid). Br changes sign at x ∼ 26. A dipole field is
shown for comparison: its r component is shown with the dot–dashed line,
while its θ component is shown with the dashed line.
tion region, where the magnetic field goes from being dominated by
the plasma (large distortions) to dominating over the plasma (small
distortion, dipole field).
Fig. 9 compares the Bφ shell average with the results of Wang
(1987) and Campbell (1987)7 and includes also the analytic pre-
scription suggested in Paper II (see section 5.3 of that paper) that
we report here for clarity:
Bφ =
r2g
r η
[
∂r(r vφ Br) + ∂θ(vφ Bθ)
]
. (35)
If we apply this expression to the model considered in the present
calculation, the agreement is not as good as it was in Paper II. This
is due to the breaking down of one of the assumptions made in de-
riving equation (35). In Paper II, we assumed that the Bφ generation
rate ∂t Bφ|+ can be written as [∂r(r vφ Br)+ ∂θ(vφ Bθ)]/r and that the
loss term ∂t Bφ|− can be written as ηBφ/r2g and we then equated
the two terms (because we were looking for a stationary solution).
In the present model, there are some regions of the disc where the
approximation for the loss term represents only a lower estimate.
Nevertheless, in Fig. 9, one can see that the analytic expression still
has a similar behaviour to that of the numerical solution and the
agreement is quite good in the interpeak region, although it overes-
timates Bφ in the inner part and underestimates it in the outer one.
All of the curves have the same general behaviour, with two peaks
(the first positive and inwards of corotation, the second negative
and outwards of corotation), and they all go through zero at approx-
imately the same location (close to the corotation point). However,
the relative amplitudes of the two extremal points are very different.
The models of the 1980s, i.e. equation (1) with a dipole Bz, predict
the first (positive) peak to be the strongest one, whereas our present
calculations are showing just the opposite, with the second (nega-
tive) peak having an amplitude more than four times larger than the
first one. Our analytic prescription can reproduce this behaviour,
with the ratio between the amplitudes of the second and first peaks
7 The curve for the models by Wang and by Campbell is calculated using
equation (1), with a dipole field at θ = π/2 being taken for Bz and then
normalizing to the maximum of the absolute value.
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Figure 9. Shell averages for the toroidal component: the solid line is the
result for our fiducial configuration; the dashed line is the prediction of
equation (1) with a dipole Bz and the dotted line is our analytic prescription
as obtained in Paper II and reported in equation (35). The scale for the
fiducial shell average is given on the left y-axis, while the other two curves
are normalized to the maximum of their absolute value (scale on the right).
The 1980s result has its zero for Bφ at corotation (∼ 19 rg), whereas the
fiducial configuration has it at ∼ 17 rg and the analytic profile has it at ∼
16 rg.
Table 1. Parameter values for the Mf configurations.
Model η0 v0 Rpolm Rtorm α
(cm2 s−1) (cm s−1)
Fiducial 4 × 1010 106 1.03 × 102 5 × 105 3.8 × 10−3
Mf 1 1010 106 4.14 × 102 2 × 106 3.8 × 10−3
Mf 2 1011 106 4.14 × 101 2 × 105 3.8 × 10−3
Mf 3 1012 106 4.14 2 × 104 3.8 × 10−3
Mf 4 1010 104 4.14 2 × 106 3.8 × 10−5
Mf 5 1010 105 4.14 × 101 2 × 106 3.8 × 10−4
Mf 6 1010 2.5 × 105 1.03 × 102 2 × 106 9.4 × 10−4
Mf 7 109 0 0 2 × 107 0
Mf 8 1010 0 0 2 × 106 0
Mf 9 1011 0 0 2 × 105 0
Mf 10 109 105 4.14 × 102 2 × 106 3.8 × 10−4
being larger than 1, although that is still smaller (i.e. ∼ 1.6) than
what is required.
4.2 Other configurations
4.2.1 List
In addition to the fiducial case, we analysed a range of other mod-
els to investigate the changes occurring in the magnetic field dis-
tortions when the parameters v0 and η0 (or Rpolm and Rtorm ) were var-
ied over a wide range. Overall, we considered 13 configurations,
which we label ‘Mf’ to denote Magnetic field structure. These are
all listed in Table 1. For each configuration, we report the value of
the turbulent magnetic diffusivity, η0, the scale factor of the velocity
field in the poloidal direction, v0, the poloidal magnetic Reynolds
number, Rpolm , the toroidal magnetic Reynolds number, Rtorm , and the
value of α corresponding to v0 (see equation (8)).
Figure 10. Poloidal magnetic field lines for configurations with Rpolm = 414,
i.e. Mf 1 and Mf 10.
Configurations Mf 1 – Mf 3 differ from the fiducial case only
in the value of η0; the following three all have η0 = 1010 cm2 s−1 but
different values of v0; configurations Mf 7 – Mf 9 all have v0 = 0
and η0 ranging from 109 to 1011 cm2 s−1; Mf 10 differs from Mf 1
in the values of η0, v0 and also v0φ (not reported in the table), but
has the same magnetic Reynolds numbers as Mf 1. The charac-
teristic velocity v0φ is the same (4.88 × 109 cm s−1) for all of the
configurations except for the last one, where we artificially lowered
this value by a factor of 10. In this case, therefore, the profile was
no longer Keplerian. We were interested in this model because we
wanted to test two cases which have different η and v (both poloidal
and toroidal), but the same Reynolds numbers (Mf 1 and Mf 10).
4.2.2 Results
In Paper I we saw that what really matters for the poloidal field
structure is the ratio between v0 and η0 (recall that in this paper v0 is
proportional to the disc α, see Section 3.2). This is confirmed in the
present calculations and, in fact, configurations with the same Rpolm
(i.e. Mf 3 and Mf 4; Mf 1 and Fiducial; Mf 2 and Mf 5; Mf 7, Mf 8
and Mf 9) give identical Bpol. When Rpolm increases (i.e. when v0 in-
creases or η0 decreases) the field gets progressively more frozen-in
with the fluid and therefore distortions grow as well (see Fig. 10).
As shown in Fig. 11, this is clear also when comparing the shell av-
erages. In the opposite regime instead (smaller Rpolm ), the field tends
to diffuse more, and deviations away from the dipole field are less
evident (recall that we are imposing dipole boundary conditions).
Configurations with high Rpolm can lead to strong accumulation of
magnetic field lines near to the inner edge of the disc. This magnetic
field enhancement could favour jet-launching mechanisms, see e.g.
Lii et al. (2012).
Not surprisingly, this description does not suit the toroidal
component as well, i.e. we see that configurations with the same
ratio v0/η0 do not give the same Bφ values, but instead one should
further consider v0φ. This is why we introduce the toroidal mag-
netic Reynolds number. In order to give the same profile for Bφ
two configurations must have the same values of both Rpolm and Rtorm .
We show contour plots of Bφ for different pairs of the magnetic
Reynolds numbers in Figs. 12 and 13. The structure of the toroidal
component of the magnetic field does not change very much with
varying Rpolm , even for Rpolm = 0. When Rpolm is held fixed and Rtorm is
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Figure 11. Shell average of the poloidal magnetic field components Br (dot-
ted) and Bθ (solid) for configurations with Rpolm = 414, i.e. Mf 1 and Mf 10.
Br changes sign at x ∼ 19. Dipolar quantities are plotted for comparison:
the dot–dashed line is the shell average of the radial component, the dashed
line is that for the θ component.
Figure 12. Contour plot of Bφ, in units of B0φ. Positive levels are plotted with
solid lines, negative levels with dashed lines. The solid grey line indicates
the boundary between the disc and the corona; the dotted grey line marks the
stagnation surface; while the white dot–dashed line is used for zero contour
levels. This result is for configurations with Rpolm = 414 and Rtorm = 2 × 106 ,
i.e. Mf 1 and Mf 10.
varied, we find that Rtorm affects only the scale factor for Bφ and that
the shape of the contours is indeed determined only by Rpolm .
The behaviour described above is a consequence of the par-
tial decoupling of the three components of the induction equation.
As noted in papers I and II, under the assumptions of our mod-
els (i.e. axisymmetry, kinematic approximation and zero α-effect8),
the r and θ components of the mean field induction equation do
not depend on any φ quantity, and so we find that the Bpol structure
depends only on Rpolm . The φ component instead depends on both
toroidal and poloidal quantities, and so we find that Bφ depends on
both Rpolm and Rtorm .
8 To avoid confusion with the α parameter of the S&S α-disc, let us clarify
that the α-effect we are referring to here is the one that we are neglecting in
equation (2).
Figure 13. As in Fig. 12 but for configuration Mf 7, i.e. Rpolm = 0 and
Rtorm = 2×107 . Note that the negative peak is here higher up in the disc than
it was in Figs. 5 and 12.
As a final test for this description we ran a calculation for a
case (Mf 10) which has the same pair of Reynolds numbers as Mf 1,
but given by different values of the three quantities η0, v0 and v0φ.
As expected, we obtained identical results for the two cases.
5 TORQUE EXERTED ON THE NEUTRON STAR
5.1 Torque from the disc
In this paper, we have been concerned mainly with investigating
the structure of the magnetic field within our extended disc, when
simple dipolar boundary conditions are applied at the top and bot-
tom of it, and we have seen features which are quite interesting
(and which we will discuss further in the next section). Other addi-
tional elements still remain to be added to our model before it will
be fully ready to be used for realistic application to spin up rates
of millisecond pulsars. However, following our discussion in Sec-
tion 3.5, it is useful to already apply the formulae there to calculate
preliminary torque estimates for our present model, both from the
point of view of providing a suitable benchmark against which to
compare subsequent more complete results and also because this
turns out to highlight some aspects which can have more general
relevance.
The torque exerted by the disc on the star via the magnetic
field is expressed by equations (27) and (31). The second of these
can be calculated analytically, while the first one is calculated by
using our numerical results for the magnetic field components.
Along the radial direction, we integrate from where the angular ve-
locity deviates from the Keplerian profile by 1% (at r1 = 16.67 rg)
out to the point where the contribution to the integral becomes neg-
ligible, while along the θ direction we integrate over half the do-
main, from 80◦ to 90◦, and multiply by 2 because of the symmetry.
We use the same grid as that used for solving the induction equa-
tion (which is the grid where our solution for the magnetic field is
defined) and use a trapezoidal scheme for two-dimensional quadra-
tures, whose error is of the order of O(∆r2) + O(∆θ2). Given that
∆r = 0.74 rg, ∆θ = 2.2 × 10−3 rad, and the integration range over r
and θ is 105 rg and 0.175 rad respectively, we have a relative error
of the order of 0.02%.
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Table 2. Parameter values for the configurations of the To group.
Model η0 v0 Rpolm Rtorm α
(cm2 s−1) (cm s−1)
To 1 1010 2.5 × 102 1.03 × 10−1 2 × 106 9.4 × 10−7
To 2 1010 2.5 × 103 1.03 2 × 106 9.4 × 10−6
To 3 1010 2.5 × 104 1.03 × 101 2 × 106 9.4 × 10−5
To 4 1010 1.75 × 105 7.24 × 101 2 × 106 6.6 × 10−4
To 5 1010 5.0 × 105 2.07 × 102 2 × 106 1.9 × 10−3
To 6 1010 7.5 × 105 3.10 × 102 2 × 106 2.8 × 10−3
To 7 1010 1.5 × 106 6.20 × 102 2 × 106 5.7 × 10−3
To 8 1010 1.75 × 106 7.24 × 102 2 × 106 6.6 × 10−3
To 9 1010 1.87 × 106 7.76 × 102 2 × 106 7.1 × 10−3
To 10 1010 2.0 × 106 8.27 × 102 2 × 106 7.6 × 10−3
To 11 1010 2.25 × 106 9.31 × 102 2 × 106 8.5 × 10−3
To 12 1010 3.75 × 106 1.55 × 103 2 × 106 1.4 × 10−2
To 13 1011 5 × 106 2.07 × 102 2 × 105 1.9 × 10−2
To 14 1011 1.87 × 107 7.76 × 102 2 × 105 7.1 × 10−2
To 15 1011 4.5 × 107 1.86 × 103 2 × 105 1.7 × 10−1
To 16 1012 107 4.14 × 101 2 × 104 3.8 × 10−2
5.1.1 List of configurations
We have calculated the torque for all of the configurations con-
sidered so far. However, that set of configurations was chosen for
investigating the effect on magnetic field distortions of varying the
parameters and is not ideally suited for studying in detail how the
torque depends on the Reynolds numbers. Because of this, we de-
fine here 16 additional configurations, which are listed in Table 2
and are labelled ‘To’ for Torque. As in Table 1, for each config-
uration, we report the values of the turbulent magnetic diffusivity,
η0, the representative velocity in the poloidal direction, v0, the two
magnetic Reynolds numbers, Rpolm and Rtorm and the parameter α.
Configurations To 1 – To 12 all refer to cases with Rtorm = 2 ×
106 and have Rpolm varying between ∼ 10−1 and ∼ 1.5×103. In order
to keep the toroidal Reynolds number constant, we have to keep
η0 constant as well and get the change in the poloidal Reynolds
number by changing only v0. Configurations To 13 – To 15 have
Rtorm = 2 × 105 while the last one has Rtorm = 2 × 104.
5.1.2 Results
The torque contributions from the inner part of the disc and from
the accreting matter inwards of rin are the same for all of our con-
figurations, and can be calculated from equations (31) and (21).
Inserting the characteristic values being used in this work, these
give
TΩ = 1.379 × 1033 zˆ [dyn cm] (36)
and
TB−acc = 0.646 × 1033 zˆ [dyn cm] . (37)
Note that both of these are positive (i.e. acting in the direction of
tending to give spin-up of the neutron star). The torque from the
rest of the disc, TB, is calculated as described above and can, in
principle, be either negative or positive (although it is usually neg-
ative in practice). The total torque exerted on the neutron star, TNS,
is then the sum of these three contributions.
Table 3. Values of the computed torque for the Mf configurations. TB is
the torque due to the interaction between the magnetic field and the disc in
the region outwards of r1; T rB is its radial component; TB−disc is the mag-
netic contribution from all of the disc; TNS is the total torque exerted on
the neutron star. The torques are expressed in units of 1033 dyn cm, with
positive values indicating that they are acting in the direction of spinning
up the neutron star while negative values give spin-down.
Model TB T rB TB−disc TNS
Fiducial −1.61 0.34 −0.23 0.41
Mf 1 −6.68 −5.12 −5.30 −4.66
Mf 2 −0.47 0.12 0.91 1.56
Mf 3 −0.03 0.01 1.35 1.99
Mf 4 −3.22 0.69 −1.84 −1.19
Mf 5 −4.66 1.16 −3.28 −2.64
Mf 6 −6.44 1.37 −5.07 −4.42
Mf 7 −30.4 6.27 −29.0 −28.35
Mf 8 −3.04 0.63 −1.66 −1.01
Mf 9 −0.30 0.06 1.08 1.72
Mf 10 −6.68 −5.12 −5.30 −4.66
Table 4. As for Table 3 but for the To configurations.
Model TB T rB TB−disc TNS
To 1 −3.04 7.41 −1.66 −1.02
To 2 −3.08 7.37 −1.70 −1.06
To 3 −3.48 6.88 −2.10 −1.45
To 4 −5.65 4.04 −4.27 −3.62
To 5 −7.88 −0.16 −6.50 −5.86
To 6 −7.76 −1.73 −6.38 −5.74
To 7 −3.57 −1.49 −2.19 −1.54
To 8 −2.05 −0.72 −0.67 −0.02
To 9 −1.35 −0.30 0.03 0.67
To 10 −0.71 0.14 0.67 1.32
To 11 0.41 1.00 1.79 2.44
To 12 2.53 3.52 3.91 4.56
To 13 −0.79 0.01 0.59 1.24
To 14 −0.14 −0.03 1.24 1.89
To 15 0.14 0.26 1.52 2.17
To 16 −0.05 0.06 1.33 1.98
A summary of results for the Mf and To configurations is
shown in Tables 3 and 4, respectively. (We drop the vector no-
tation for T from here on.) In the second and third columns, we
give the contribution from the outer part of the disc, TB and the
radial contribution to it, T rB (see equation 28). Column four gives
the total magnetic contribution from the disc (TB−disc = TB + TΩ).
The fifth column gives the total torque acting on the neutron star,
i.e. TNS = TB−disc + TB−acc. Note that the term T rB, which is usu-
ally neglected in the thin disc approximation, is actually quite large
here and in many cases acts to oppose T θB. Including T rB in two-
dimensional calculations of the magnetic torque is therefore very
important. T θB remains dominant for all of these configurations,
however, except for those with the highest values of Rpolm (giving
the largest radial distortions).
In the usual description of the interaction between the magne-
tosphere and the disc, the sign of the torque caused by the magnetic
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field deformation is taken to be the same as that of Bφ. However,
this result follows after a succession of approximations have been
made. In equation (27), which defines the magnetic torque, one can
see that Bφ enters only via derivative terms. From the contour plots
of Bφ (see Figs. 5, 12 and 13) it is clear that the sign of these does
not always coincide with the sign of Bφ itself. This is why our re-
sults can be significantly different from those of the models devel-
oped in the 1980s (and subsequent calculations using a similar ap-
proach) and why we see changes in the sign of the magnetic torque
without any change in the sign of Bφ, but with only a modifica-
tion of its two-dimensional structure (actually changes related to
the poloidal component are larger here than those coming from the
toroidal one). This aspect is considered further in Section 5.3 be-
low, where we focus in particular on the question of which regions
of the disc tend to spin the star up or down.
5.2 Dependence on the magnetic Reynolds numbers
Usually differences in the magnetic torque are caused by differ-
ences in the spin period of the star or in its magnetic field, but we
have shown here that serious differences in the torque could also
be caused by variations in the velocity field and the turbulent dif-
fusivity, i.e. in the magnetic Reynolds numbers. We now want to
describe better how this works.
We have already commented in Section 4.2.2 that Rpolm fully
determines the poloidal component of the magnetic field and Rtorm
enters as a scale factor in the toroidal component. Since the equa-
tion for calculating the magnetic torque is homogeneous in all of
the magnetic field components (see equation 27), it was to be ex-
pected that Rtorm would affect the torque only as a scale factor. The
other Reynolds number, Rpolm , instead influences the shape of the
magnetic field lines and it is not trivial to predict its effect on the
torque. In order to analyse this, we consider configurations with the
same Rtorm and different R
pol
m and we then plot the torque against Rpolm .
Results are shown in Fig. 14, where the poloidal magnetic
Reynolds number ranges from 0 to 1.55 × 103 and the toroidal one
is kept fixed at 2 × 106. In Fig. 14, we show both the total torque
exerted on the neutron star and also the contribution coming from
just the magnetic linkage with the disc, TB−disc. We have made sim-
ilar calculations also for a different value of the toroidal magnetic
Reynolds number, Rtorm = 2 × 105 and found values for TB−disc ex-
actly a factor of 10 smaller, as expected.
As one can see from Fig. 14, for very low Rpolm the torque tends
asymptotically to about −1 × 1033 dyn cm. This means that when
Br and Bθ are not distorted at all, i.e. the poloidal field is exactly
a dipole, the disc still gives a magnetic contribution to the torque.
This was of course expected, since one still has distortions in the
Bφ component. Indeed, in most of the models in the literature, the
poloidal field is assumed to be a dipole and yet the torque is non-
zero. As deviations away from a dipole field increase (i.e. as Rpolm
increases), the torque becomes progressively more negative and
reaches a minimum of ∼ −6 × 1033 dyn cm at Rpolm ∼ 200. For even
larger values of Rpolm , the torque starts to rise again and becomes
positive.
Because of the proportionality between Rtorm and TB, we expect
that as we lower Rtorm the absolute value of TB will become progres-
sively smaller. In particular, when Rtorm reaches some critical value
(say Rzerom ) the negative peak in TB will be just enough to balance
TΩ + TB−acc. In this case the total torque acting on the neutron star
would always be positive except for the Rpolm which gives the max-
imum torque, when it would instead be zero. When Rtorm becomes
smaller than a threshold value (say Rconstm ), TB would eventually be-
Figure 14. Dependence of the torque on the poloidal magnetic Reynolds
number Rpolm . Here, Rtorm is fixed at 2 × 106 . The solid line shows the total
torque exerted on the neutron star, while the dashed line is for TB−disc alone.
The leftmost point is for Rpolm = 0 but is actually drawn at 10−2 so as to give
a better visualization.
come completely negligible with respect to TΩ + TB−acc (< 1%), so
that the total torque TNS would be of the order of 2 × 1033 dyn cm
for any value of Rpolm or α. By assuming that the linear scaling be-
tween Bφ and Rtorm is valid for any Rtorm , we estimate these threshold
values to be about Rzerom = 4 × 105 and Rconstm = 4 × 104.
We should make a careful caveat here, however. This discus-
sion has been made within the context of our present simplified
model. Including the effects of line inflation would be expected to
decrease the magnitude of TB, making spin-up more likely.
5.3 Spin-up and spin-down regions
Finally, we would like to comment in detail on the regions of the
disc that spin the star up or down. In previous work, there has been
a widespread consensus that the part of the disc which is inwards of
the corotation radius gives a spin-up contribution, while that which
is outwards of the corotation radius gives a negative contribution.
In order to investigate this aspect, we have calculated the con-
tribution to the magnetic torque at every location inside the disc
(i.e. the local value of the integrand in equation (27)) and have
then produced a contour plot of this magnetic torque density. The
regions where it is negative act in the sense of spinning the star
down, while those where it is positive act in the sense of spinning
the star up. We have calculated this quantity for four key configu-
rations, which have been chosen considering the behaviour shown
in Fig. 14. They are: (i) configuration Mf 8 with zero Rpolm , (ii) con-
figuration To 5 with the largest negative torque, (iii) configuration
To 8 with roughly zero net torque and (iv) configuration To 12 with
the largest positive torque. We have considered configurations with
the same value of Rtorm = 2 × 106 (since the torque scales with Rtorm
comparisons should be made keeping this quantity constant) and
with Rpolm < 2 × 103 (for larger values distortions are too large and
could be non-realistic).
The contours for case (ii) are shown in Fig. 15. The most strik-
ing feature of this is the region of positive spin-up which at high
latitudes extends over all radii from about the corotation point out-
wards, which is contrary to what is usually thought. A second rele-
vant feature is that there is a clear vertical structure, with the upper
part being the spin-up region. Inwards of the corotation radius the
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Figure 15. Contour plot of the magnetic torque density (the integrand in
equation (27)) measured in units of 2.5 × 1035 dyn, for configuration To 5
with Rpolm = 207 and Rtorm = 2 × 106. As usual, contours of negative torque
are drawn with dashed lines and those for positive torque are drawn with
solid lines. Regions with positive torque act in the sense of spinning up the
star, and those with negative torque act in the sense of spinning it down. The
white dot–dashed curves are zero lines.
structure is reversed, with the equatorial region contributing to the
spin-up and the upper part to the spin-down. We recall that our Ω
profile is basically Keplerian from the outer edge of the disc up un-
til r1 = 16.67 rg, inwards of which it is progressively changed so as
to match with corotation at the inner edge of the disc.
The analysis of the torque density for the other three cases
gives very similar results, with differences only in the details of the
structure, e.g. the exact location of the boundary between the spin-
up and spin-down regions. We have calculated the torque density
also for the reference case of Paper II, i.e. model number 1 in Ta-
ble 5. We there again obtain spin-up regions also outside the coro-
tation radius and see evidence of a vertical structure (in this case
with two changes of sign as one moves from the corona towards
the equatorial plane).
All of the cases show a strong relation between the magnetic
torque density and the vertical structure of the toroidal component
of the magnetic field. This can be seen more clearly if one compares
the Bφ contour plot with the magnetic torque density plot. The sign
of the torque density is opposite to that of the vertical derivative of
the toroidal field ∂θBφ, just as predicted by equation (27), when T rB
is smaller than T θB.
We have calculated a shell average of the magnetic torque den-
sity over the upper half of the disc to obtain an estimate of the total
contribution to the torque from the disc at any given radial location.
Results are shown in Fig. 16 for cases (i) – (iii)9. This confirms that
there are parts of the disc outwards of the corotation radius that spin
the star up. Also, it shows that nothing special is happening for the
magnetic torque at the corotation radius (at 18.8 rg). The toroidal
magnetic field is zero there, but the magnetic torque depends only
on the derivative terms.
9 The average for configuration To 12 is not shown because it is similar to
that of To 8.
Figure 16. Shell average of the magnetic torque density for configurations
To 8, To 5 and Mf 8. The solid line marks the zero level, which is shown as
a reference.
Table 5. Values of the magnetic Reynolds numbers for those configurations
of Paper II (PII) that are considered here. The last column reports some
of the configurations of the current paper which have the same or similar
magnetic Reynolds numbers.
Model η0 v0 Rpolm Rtorm Close models
(PII) (cm2 s−1) (cm s−1) Current paper
1 η0 = 1010 105 41.4 2 × 106 Mf 1, Mf 5
2 η0 = 4 × 1010 105 10.3 5 × 105 Fiducial, To 3
3 η0 = 1011 105 4.14 2 × 105 Mf 2 – 4
4 η0 = 1012 105 0.41 2 × 104 Mf 3, To 1, 2
6 COMPARISON WITH OUR EARLIER MODELS
In papers I and II, we considered the distortion of the magnetic
field when the Shakura and Sunyaev disc velocity profile was used.
Table 5 lists some of the configurations described in Paper II (which
we will often refer to as PII in this subsection). For each of them,
we have now calculated the torque as described in Section 3.5 and
the results of this are reported in Table 6.
There is no straightforward way of comparing between indi-
vidual models in PII and the current paper. All of the models have
a neutron star with the same mass and magnetic field, accreting at
the same mass accretion rate and, in PII, even with the same α-
Table 6. Values of the computed torque for the configurations of Paper II,
where the S&S velocity profile was used. The quantities reported here are
the same as in Tables 3 and 4.
Model TB T rB TB−disc TNS
1 −21.6 −17.0 −20.2 −19.6
2 −4.42 −2.45 −3.04 −2.39
3 −1.06 −0.05 0.32 0.97
4 −0.04 0.07 1.34 1.99
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parameter10. The poloidal velocity fields are instead very different.
It seems best to consider the comparison in an overall sense. Al-
though the Reynolds numbers are useful indicators, we cannot here
expect models of the two types with the same pair of Reynolds
numbers to give identical results, because these numbers depend
on the magnitude of the velocity fields only at a specific location
and do not take into account how the velocities change with posi-
tion. (For the turbulent diffusivity, we are using the same profile as
in PII.)
As regards the distortion of the magnetic field lines, in Sec-
tion 4, we have seen that the distorted pattern is closely related to
the behaviour of the fluid flow. Since in this paper we use a ve-
locity field which is quite different from that in PII, we should not
expect the poloidal magnetic field lines for the two cases to be sim-
ilar. In PII, vr was always inward pointing, whereas now there is
inflow at the higher latitudes but a backflow in the region of the
mid-plane which is reflected in a bending backwards of the field
lines in that region. In addition, the magnitude of the velocity field
in the disc decreases strongly with increasing θ in the present calcu-
lations, whereas in PII it was constant. This strong decrease results
in a weaker distortion for fixed v0 and η0.
For the toroidal direction, we use the same Ω profile in both
papers. However Bφ and the magnetic torque also depend on the
configuration of the poloidal magnetic field, so that even for con-
figurations with the same Rtorm (and Rpolm ) we cannot expect to get the
same results. In fact, the Bφ contours show an important difference,
in that the large region of positive Bφ outside the corotation radius
found in Paper II, is no longer present here. The velocity field is
the origin of this difference (nothing else has changed); however,
it is not trivial to isolate the specific aspect which is causing this
feature to disappear. Probably, it is because, with the new veloc-
ity profile, the distortions of the vertical component Bθ are smaller
than in papers I and II (compare for example Fig. 8 with fig. 4 of
Paper I).
As regards the magnetic torque, we can make a more quanti-
tative comparison. For every model in PII, we can find a configu-
ration in this work which has the same Rpolm (or is very close to it).
We then consider the ratio of the Rtorm for the Paper II model to that
of this paper, and use this factor to scale the magnetic torque of
the PII model. Results from doing this are reported in Table 7. In
general, the torques for PII are larger than what we find in the cur-
rent calculations (in absolute value). This can be explained by the
larger distortions found in PII. In addition to being larger, the dis-
tortions also follow a different pattern, and so the relative contribu-
tions of the two terms in the torque, as introduced in equation (28),
are very different. Having an equatorial backflow in the velocity
field distorts the magnetic field in such a way that the two parts of
the magnetic torque often act in opposite directions and so the total
torque is smaller than when T rB−disc is neglected. With the S&S ve-
locity field, where there is no flow reversal and vr is constant with
θ, the two terms tend to have the same sign, and therefore the total
magnetic torque tends to be larger. However, the differences should
progressively diminish for smaller and smaller Rpolm , because in the
10 The mass accretion rate is fixed by our choice for the neutron-star mass,
magnetic field and Alfve´n radius. Varying v0 corresponds to varying the
effective α, following the relation
α =
(
v0
4.6 × 105
)5/4
.
We were imprecise about this in our earlier papers, using a value of α = 0.10
rather than 0.15.
Table 7. Comparison between the torques found in the current work and in
Paper II (PII). The first two columns show which models are being com-
pared. The third column gives the value of the poloidal magnetic Reynolds
number for the PII model. The last column gives the ratio between the
scaled PII torque and the torque of the equivalent model in the current paper.
PII model Current work model Rpolm PII (Scaled T PIIB )/TB
1 Mf 5 41.4 4.6
2 To 3 10.3 5.1
3 Mf 3 4.14 3.3
3 Mf 4 4.14 3.7
4 To 1 0.41 1.3
4 To 2 0.41 1.3
limit as Rpolm → 0 the magnetic field tends to a dipole, regardless of
the velocity field profile. This is nicely confirmed by the numbers
in Table 7, where the ratio of the torques becomes smaller as Rpolm
decreases.
7 CONCLUSIONS
This paper is part of a step-by-step analysis of the interaction be-
tween the magnetic field of a central rotating neutron star and an
encircling accretion disc, focusing particularly on millisecond pul-
sars. Our strategy has been to start with a very simple model and
then to progressively include additional features one at a time, so as
to understand the effects of each of them. For the model presented
here, we have considered a neutron star with a dipole magnetic field
aligned with the rotation axis, surrounded by a disc which is trun-
cated at the Alfve´n radius and which has a coronal layer above
and below it, treated as a boundary layer between the disc and its
exterior. The external region is here taken to be vacuum and the
magnetic field there is taken to be a perfect dipole. (Effects com-
ing from interfacing on to a non-vacuum magnetosphere will be
considered in subsequent work.) We have used the kinematic ap-
proximation, in which the velocity field of the matter is kept fixed,
and have solved the induction equation for mean fields looking for
a stationary configuration. We solve self-consistently for all of the
magnetic field components, employing a velocity field having all
three components different from zero, and do not neglect horizon-
tal derivatives.
The code and the procedure used for this analysis have been
described in detail in Naso & Miller (2010, 2011), where we used
a specific three-dimensional extension of the Shakura & Sunyaev
(1973) velocity profile (i.e. a velocity field with three non-zero
components, each depending at most on the two coordinates r and
θ). Here, instead, we consider a more general prescription for the
velocity field, as described in Kluz´niak & Kita (2000). The key fea-
tures of this velocity field are (1) a fully three-dimensional axisym-
metric profile and (2) the presence of a flow reversal (backflow) in
a region close to the equatorial plane.
The magnetic configuration that we find is consistent with the
conceptual picture described in papers I and II. As soon as magnetic
field lines enter the corona, they start to be pushed inwards by the
accreting matter. However, as one proceeds downwards in the disc,
they start to be bent back again, as a consequence of the change in
direction of the velocity field from inflow to backflow (see Fig. 4).
When interaction with a non-vacuum magnetosphere is included,
one expects to see the field lines above and below the disc being
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spread out with respect to the dipole configuration. It is interest-
ing to compare our results with ones from those calculations which
show this line inflation and also resolve the region inside the disc
(e.g. Miller & Stone 1997; Zanni & Ferreira 2009; Romanova et al.
2011; Zanni & Ferreira 2013); it can be seen that our solutions for
the magnetic field-line structure inside the disc are rather similar to
those.
The toroidal component of the magnetic field in our present
calculations shows a simpler profile than that in Paper II (see
Fig. 5). It is positive (dragged forwards with respect to the neu-
tron star) inwards of the corotation point and negative (dragged
backwards with respect to the neutron star) outwards of that, just
as envisaged by Wang (1987) and Campbell (1987) (i.e. as given
by equation 1 when a dipole field is used for Bz). However, we
find some crucial differences with respect to those models: (1) the
relative strength of Bφ at the two extrema is reversed and, most im-
portantly, (2) Bφ decreases with r much more slowly, and this has
consequences for the torque (see Fig. 9).
We find it convenient to introduce two magnetic Reynolds
numbers to describe the magnetic field structure. One, Rpolm , is de-
fined using a characteristic poloidal velocity and the other one, Rtorm ,
uses the Keplerian linear velocity at the corotation point. The for-
mer fully determines the structure of Bpol and the shape of Bφ, while
the latter fixes the magnitude of Bφ. It is only when two configu-
rations have the same pair of Reynolds numbers that one obtains
the same results for all of the three components of the magnetic
field. When the profile of the velocity or of the magnetic diffusiv-
ity is changed, the magnetic Reynolds numbers lose their predic-
tive power and one should instead consider the magnetic distortion
functions Dpolm and Dtorm (i.e. a two-dimensional generalization of the
magnetic Reynolds numbers), meaning that configurations with the
same Rm but different Dm give different results. As in Paper II, we
find that the magnetic distortion functions determine the position of
the second peak in Bφ; while the first peak is connected with Bθ∆Ω.
We have also made preliminary calculations of the total torque
exerted on the neutron star. We split this into two parts: (1) the
torque produced by the interaction between the magnetic field and
the disc TB−disc and (2) that produced by the accreting matter, leav-
ing the disc at the inner edge and reaching the NS surface along
magnetic field lines, TB−acc. The standard reference for calculating
TB−disc is Ghosh & Lamb (1979b). Here we have modified that ap-
proach in two ways: (1) we drop some of the simplifying assump-
tions made in calculating the analytic expression for the torque (i.e.
we retain both horizontal and vertical derivatives) and (2) for the
magnetic field we use our numerical results, rather than the ap-
proximated profile of earlier models, although we recall our caveats
about our present neglect of line-inflation and possible breaking of
magnetic linkage beyond a certain radius in the disc. Regarding the
dipolar boundary conditions: in Paper I we showed that the shape of
the field-lines inside the disc does not depend on the chosen bound-
ary conditions. However, the magnitude of the field is affected, and
the dilution introduced by line inflation would be expected to de-
crease the overall torque from the outer parts of the disc. (We will
comment further on this below.) Regarding the breaking of mag-
netic linkage: we note that in the results of Zanni & Ferreira (2009),
the point where magnetic linkage is lost comes at beyond twice
their co-rotation radius. The situation which they are considering
is rather different from ours (they are studying T Tauri stars), but
if one transfers this result to our case, it would correspond to loss
of linkage only at the very edge of the domain used in our plots,
where the magnetic torque contribution is negligible anyway.
In the standard scenario developed in the 1980s and 1990s, and
still widely used, the magnetic torque is taken to be proportional to
Bφ, which in turn is taken to be proportional to the difference be-
tween the local Ω of the disc matter and that of the central object,
so that the disc inwards of the corotation radius gives a spin-up con-
tribution, while the remaining part gives a spin-down. We find that
this description, although rather reasonable, in fact fails to repro-
duce the behaviour of a simple two-dimensional disc model, even
when the vertical averages of Bφ and the magnetic torque are con-
sidered (see Figs. 9 and 16). For any given configuration, there is
a vertical structure, such that at any radius there are both spin-up
and spin-down regions (at different heights in the disc, as shown
in Fig. 15) whose locations vary with the values of the magnetic
Reynolds numbers. The sign of the torque mainly follows that of
the vertical derivative of the toroidal field, ∂θBφ. We find similar
results also when calculating the torque for the models of papers I
and II, with an S&S velocity profile.
Within our present model, the torque contributions from the
inner part of the disc and from the accreting matter inwards of its
inner edge are both positive (acting in the sense of spinning up
the neutron star) while that from the rest of the disc can be either
positive or negative. We have shown that the behaviour of the latter
is complicated, and needs to be calculated with care rather than
relying on the standard simplified prescriptions. However, for our
present restricted model, we find that the net contribution from this
region would still be negative (acting in the direction of spin-down),
except in extreme cases, and that it would generally dominate over
the positive contributions. This cannot be right for the spinning-up
of millisecond pulsars, and so we infer that the action of field-line
inflation and reconnections in weakening the negative torque from
the outer parts of the disc probably plays a crucial role in allowing
the overall spin-up.
In this paper, we have extended our previous work, where we
used the S&S velocity profile, by using instead the more sophisti-
cated profile given by K&K, and we have also made calculations
for the torque exerted by the disc on the neutron star. The next step
of our programme of work will be to replace the present vacuum
boundary conditions by a consistent treatment of the interface with
a non-vacuum force-free magnetosphere.
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